Direct Numerical Simulations of turbulent convection in a large aspect-ratio box are carried out in the range of Rayleigh number 7 × 10 4 ≤ Ra ≤ 2 × 10 6 at Prandtl number Pr =0.71. A strong correlation between the vertical velocity and temperature is observed in the turbulent regime at almost all the length scales. Frequency spectra of all the velocities and temperature show a −5/3 law for a wide band of frequencies. The variances of horizontal velocities at different points in the flow yield a single power-law. Probability density functions of velocities and temperature are close to Gaussian only at higher Rayleigh numbers. The mean and variance of temperature clearly show boundary layers, surface layers and a near-homogeneous bulk region. The boundary layer thickness decreases and bulk-homogeneity is enhanced on increasing the Rayleigh numbers. The wave number spectra of the turbulent kinetic energy exhibit kolmogorov like (E(k) ∼ k −5/3 ) and Bolginao-Obukhov like (E(k) ∼ k −11/5 ) behaviour respectively in the central and near-wall regions of the container. An approximate balance between the production due to buoyancy and the dissipation is found in the turbulent kinetic energy budget. Taylor's approximate equation of the production due to turbulent stretching and the dissipation of turbulent enstrophy is modified by the inclusion of buoyancy production in the enstrophy budget. The present results support the previously proposed 2/7 power-law dependence of the average Nusselt number on the Rayleigh number by yielding an exponent Preprint submitted to Elsevier August 9, 2017 of 0.272, but do not necessarily support the proposed classification of "soft" and "hard" turbulence on the basis of this exponent.
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Introduction
Rayleigh-Bénard convection (RBC), in which a vertical temperature difference (∆T ) is maintained across a horizontal fluid layer, is an ideal model to understand more complex flow in the nature and the engineering flow. As ∆T is increased a systematic transition from the laminar to the turbulent states takes place in RBC. Chandrasekhar [1] showed, for infinite horizontal layers, thermal convection starts at Ra c ≈ 1708 when rolls are formed that depend on geometry and Prandtl number (P r). As the Rayleigh number increases, Kessler [2] reported transitions of stable rolls to both steady and time-dependent oscillatory flows. Busse and Clever [3] described a spokepattern knot instability and skewed varicose instabilities which bring in considerable changes in the horizontal wavelength of the convection rolls, disappearing in the limits of small and large Prandtl numbers. Though Busse [4] showed that the first transition is caused by instabilities in the thermal boundary layers, it is yet to be established that turbulent convection is realized by boundary layers becoming turbulent first. A majority of low Rayleigh number studies, such as those of [2] , [5] , [6] , [7] , Mukutmoni and Yang [8] and Mukutmoni and Yang [9] have reported the transition to turbulence as occurring around or below Ra=4 × 10 5 , although Grötzbach [10] and McLaughin and Orszag [11] have also found (laminar) periodic rolls around this Rayleigh number.
One of the interesting question in the turbulent RBC is the scaling of the energy spectra and the scaling of the Nusselt number that quantifies the efficiency of the heat transport due to the convection over the heat transport due to the conduction [12] . The scaling laws of turbulent quantities have been used in the classification of different sub-regimes. Kraichnan [13] using mixing length theory proposed the scalings of Nusselt number as Nu ∼ Ra 1/3 for large Prandtl number (P r > 1) and Nu ∼ (P rRa) 1/3 for small Prandtl number (P r < 1). Grossmann and Lohse [14, 15, 16] predicted different sets of the Nusselt number scalings in the parameter space Ra-P r. By separating the contribution in dissipation due to bulk and boundary layers, Grossmann and Lohse [14] demonstrated that for the bulk-dominated convective flows generally at large Ra, Nu ∼ (P rRa) 1/2 , however, Nu ∼ (Ra) 1/3 for low Ra. Realizing the inadequacy of classical estimates of Nu ∼ Ra 1/3 and Nu ∼ δ −1 T (where δ T is the thermal boundary layer thickness), Castaing et al. [17] and Shraiman and Siggia [18] obtained separate power laws for the Nusselt number, the velocity scale normalized as Peclet number (Pe), the temperature scale (Θ) and the velocity boundary layer thickness, by assuming (a) turbulent kinetic energy dissipation in the boundary layers equals (Nu − 1)Ra, (b) a perfect correlation between vertical velocity and temperature exists, and (c) the velocity throughout the central region is determined by the acceleration of the vertical velocity to the top of a mixing region near the plates. Their predicted power-laws were Nu ∼ Ra These theoretical estimates have served as a guideline for both measurements and numerical simulations [19, 20, 21, 22, 23, 24, 25] . Pandey et al. [24] performed numerical simulation in a box with free-slip boundary condition on the top and bottom plates and obtained the scaling Nu ∼ Ra 0.29 . Emran and Schumacher [26] numerically obtained that the Nusselt number follows the scaling Nu ∼ Ra 0. 30 for very large Ra (10 7 ≤ Ra ≤ 10 10 ). A more extensive review of the theoretical scaling arguments has been given by Kerr [27] and for latest overview on this issue readers are referred to the reviews by Ahlers et al. [12] and Chillá and Schumacher [28] and Stevens et al. [29] .
Heslot et al. [30] introduced the classification of "hard" and "soft" regimes in turbulent Rayleigh-Bénard convection using the power-law Nu = A Ra n , with n = ) for Ra ≥ 4 × 10 7 ("hard")
They observed that as Rayleigh number is increased beyond Ra c ≈ 4 × 10 7 , the probability distribution function of the temperature fluctuations in the convective core changes from a Gaussian to an exponential distribution. They proposed the "soft" regime is characterized by eruption of wall-attached plumes that span the entire surface layer, while in the "hard" regime freely moving disconnected convecting blobs of fluid exist that have broken from the large scale structures by turbulence. Furthermore, Castaing et al. [17] have suggested that the distinction between "hard" and "soft" turbulence is an universal feature of convective turbulence and would appear to a variety of convective flows.
The theoretical model of Villermaux [31] states that temperature fluctuations are caused by instabilities in the thermal boundary layers triggered by incoming plumes; this has been later supported by the experiments of Qiu et al. [32] and the direct numerical simulations (DNS) of Kerr [27] . The relation between turbulent structures and the dynamics of thermal plumes is crucial to understand the nature of turbulent fluctuations and their effect on the large scale motion in turbulent convection. Niemela et al. [33] and Xia et al. [34] experimentally showed that fluctuations at different regions of the flow and the local heat transport are closely related. The large scale flow appeared as low frequency oscillations in the temperature spectra in the experiments of Sano et al. [35] which was later replicated by Ashkenazi and Steinberg [36] , Qiu et al. [37] and Shang and Xia [38] . Qiu et al. [32] found spatially varying vertical oscillations and almost same-frequency horizontal fluctuations, suggesting that the entire layer oscillates with almost a single frequency and amplitude. In addition to this, Qiu and Tong [39] and Qiu and Tong [40] obtained spatial correlations which show a sharp transition from a random chaotic state to a correlated turbulent state at Ra c ≈ 5 × 10
7 . An extensive discussion on this issue can be found in the review articles written by Ahlers et al. [12] and Siggia [41] .
Numerical studies of turbulent Rayleigh-Bénard convection are comparatively few, mainly due to the severe computational constraints in highRayleigh number flows. Earlier two-dimensional work by Deardorff and Willis [42] and Lipps and Sommerville [43] over-predicted the heat transfer rates and the transitional Rayleigh number. Early three-dimensional simulations were either limited to studying the laminar-turbulent transition, as in [43] and [44] , or lower Rayleigh number turbulent flow, as in [45] . However, many complex phenomena were successfully observed in numerical studies. For instance, Grötzbach [10] observed the 'skewed varicose' instability at Ra=4 × 10 3 . Worner and Grötzbach [46] explained the importance of pressure transport in turbulent convection, using DNS. However, although their highest Rayleigh number (Ra=10 9 ) was in the "hard" turbulence regime, the grid resolution of their simulations was limited even compared to, say, the DNS of Kerr [27] where the highest Rayleigh number was two orders smaller.
Pallares et al. [47] performed DNS for low Rayleigh number (7 × 10 3 ≤ Ra ≤ 10 5 ) cases, while for their highest two Rayleigh numbers (10 6 and 10 8 ) they used large-eddy simulations (LES). Kerr [48] had earlier shown that, in order to resolve dissipation statistics accurately, at least one decade of the calculation must be dedicated to the viscous regime. Kim et al. [49] in their channel flow simulations and Grötzbach [5] in turbulent convection supported this criterion compared to the previous orthodoxy that for DNS grid resolution should be made to resolve the Kolmogorov length scale. The DNS of Kerr [27] , however, were spatially well-resolved even from this consideration. Kenjeres and Hanjalic [50] using RANS-LES studied the scaling of Nusselt number for Ra = 10 6 − 10 9 and obtained the exponent consistent with the experimental observation. Kenjeres and Hanjalic [51] used the hybrid RANS/LES merging scheme to capture the dynamics and characteristics of the heat transport accurately near the boundary layer region as well as in the bulk and demonstarted that Nu scaling exponent as well as the vertical spatial variation of the mean temperature and temperature fluctuation match quite well with the DNS [27, 52] and experimental observations [33] . Zimmermann and Groll [53] based upon the RANS-LES studies obtained that the Nusselt number scaling exponent is close to 1/4 for Ra ∼ 10 7 , however, at higher Rayleigh number (Ra ∼ 10 8 ) scaling exponent was more closer to the 1/3. Silano et al. [54] numerically studied the Nusselt number for a wide range of Prandtl number (P r = 10 −1 -10 4 ) and reported that the Nusselt number exponent is close to 2/7 for P r = 1 and 0.31 for P r = 10 3 . Sakievich et al. [55] performed the direct numerical simulation in a cylinder container of aspect-ratio 6.3 for P r = 6.7 and reported a coherent structure also known as the mean-wind in the turbulent regime.
Overall, numerical simulations have been able to only confirm a few transitions in a Rayleigh number range significantly lower than what Heslot et al. [30] experimentally achieved. Given the constraints imposed by the computational cost of high-Rayleigh number simulations, an important motivation for this study is to check the possibility that "hard" turbulence may be attained at much lower Rayleigh numbers in large aspect-ratio simulations compared to the small-aspect ratio all-no-slip boundaries experiments [12] , as was seen by Wu and Libchaber [56] , or computationally by Werne et al. [57] . Such simulations will not only test the Nu ∼ Ra 2/7 scaling but they can also give new insights into turbulent convection at high Rayleigh number.
Mathematical and numerical description

Boussinesq equations
The governing equations for an incompressible buoyancy driven flow (using the Boussinesq approximation) are the continuity, momentum and the energy equations, written in normalized form as follows
where Ra(≡ gβ∆T H 3 /να) and Pr (≡ ν/α) are respectively the Rayleigh and Prandtl numbers. Normalization of the equations is done using the buoyancy velocity scale U = √ gβ∆T H, the height of the box, H, and the temperature difference between the top and bottom boundaries, ∆T . All the time scales present in the system are non-dimesionalized using the free-fall time t f = H/ √ βg∆T H.
Numerical technique
The set of coupled governing Eqs. (1)- (3) are solved by a semi-explicit method. A staggered grid arrangement for the variables is used, with temperature defined at the cell center. The solution method uses a two-step predictor-corrector algorithm wherein the provisional (i.e., predicted) velocity field is computed in the first step, using previous time-level (n) pressure values, by the 2 nd -order accurate Adams-Bashforth Crank-Nicolson time integration scheme; in the second step these provisional values are then corrected to obtain a divergence-free velocity field at the new time-level (n + 1). The latter requires the solution of a Poisson equation for the pressure correction. The temperature values are then advanced using this divergence-free velocity field using the same time integration method. The 4 th -order central explicit scheme of Tam and Webb [58] with enhanced spectral resolution is used for the convective discretization. This scheme, with a seven point stencil, does not introduce higher order numerical dissipation and, optimized for a better spectral resolution property, has the following difference formula:
where φ i ′ is the spatial derivative of φ at the grid point i, and φ i+1 etc, are the values of φ at the equally-spaced neighboring points in the derivative direction. Essentially the same formula can be used on non-uniform rectangular grids by introducing a simple geometric scaling coefficient. Diffusion terms are discretized by the 2 nd -order central difference scheme. The geometric details along with the boundary conditions are shown in Fig. 1 . The grids are uniform along the periodic-horizontal directions, while in the vertical direction grid-refinement is used near the walls. In all the calculations 211 × 211 × 67 grids are used in x, z and y directions, with ∆x = ∆z = 2.8571 × 10 −2 , ∆y max = 2.8571 × 10 −2 , ∆y min = 3.2866 × 10
The grid-size and the minimum spacing are chosen based on the estimates of the Kolmogorov length scale (η) by Kerr [27] in the present range of Rayleigh numbers. From the lowest to the highest Rayleigh numbers, ∆x/η, ∆y/η, ∆z/η vary approximately from 1/2 to 2 in the bulk while near the walls ∆x/η, ∆z/η vary from 3/4 to 2 and ∆y/η from 1/10 to 1/4. The time increment was fixed at ∆t = 10 −3 (in units of free-fall time) for all the calculations; no numerical instabilities were observed at this value. The solver was parallelized on an MPI-Fortran platform. Once the simulated flow became fully turbulent, at least 10-15 large eddy turn-over times were computed so as to have sufficient sampling time for the temporal statistics. Planar averages were taken only after checking for the statistical stationarity of the simulated turbulent data. 5 and P r = 0.71. -: data from our simulation; : simulation data taken from Pallares et al. [47] ; +: data taken from Woerner [52] .
The parallelized numerical code was first used to compute a turbulent convection case in a 6:6:1 aspect ratio box at Ra= 6.3 × 10 5 , so that the results could be compared with the DNS results of Woerner [52] , Kerr [27] and Pallares et al. [47] . In the present simulation, all the computational features (see table 1) including the boundary conditions were kept as close as possible to the above references. Figure 2 shows close agreement of the mean temperature (a) and the root mean square of temperature (b) and velocities (c, d) with the earlier simulations. with the earlier simulations.
Results
Detailed discussions on the temporal and spatial statistics, mainly for three Rayleigh numbers that span the present simulation range, now follow separately.
Temporal statistics
In computing the statistics of the flow, special attention is paid to five points on the mid-z plane (z = 3), shown in highest Rayleigh number, u(t) shows sharp peaks and valleys as a result of violent interactions of adjacent plumes, and sustained positive and negative oscillations are seen near the walls (figures b and c) for much longer time intervals than the estimated integral time scale. This hints that the effects of stronger plumes, both hot and cold, last over time scales significantly higher than what autocorrelation coefficients seem to indicate.
The vertical velocity shows higher amplitudes of oscillation in the bulk compared to the near-boundary regions at all Rayleigh numbers (see figures e, f and g, h). This is because the plumes, that form at the walls as a result of boundary layer instability, accelerate towards and reach the bulk from both directions, causing high fluctuations. However, temperature fluctuations reduce to a white-noise-like pattern (see figure j) with even smaller amplitudes at the bulk region, owing to a near-homogeneous state there.
On the other hand, points near the plates show predominantly hot (y = 0.1, figure k) and cold (y = 0.9, figure l) fluctuations about the zero mean which correspond to eruptions of plumes due to boundary layer instabilities. These time-series closely resemble those in the experiment of [35] for a cylindrical cell of aspect ratio 1 at Ra= 5 × 10
10 . This suggests features of turbulence seen in smaller aspect-ratio cells may indeed appear at a much lower Rayleigh number for a larger aspect-ratio box due to the absence of the restrictive constraints of the lateral walls. The frequency spectra, computed by taking the FFTs of the appropriate auto-correlation functions, are shown in Fig. 4 (a − l) with distinct dominant frequencies identified as f 0 , f 1 , f 2 .
Both the horizontal velocity components oscillate with the same frequency, f 0 = 0.0343, 0.01907 and f 1 = 0.01144 for Ra = 7 × 10 4 , 5 × 10 5 and 2 × 10 6 , respectively, with several harmonics appearing at the bulk at increasing Rayleigh numbers. The vertical velocity and temperature frequency plots show a strong correlation at any specific point. They also show at all points roughly the same dominant frequencies which, however, are not always identical to the dominant frequencies for the horizontal velocities. At the lowest Rayleigh number, points near the plates (y = 0.1, 0.9) show peaks at f 2 = 0.01526 and f 0 = 0.0343 (same as in u and w), respectively. However, the f 2 frequency (see Fig. 4e ) is not present in the horizontal velocity, and seemingly corresponds to the diffusion time scale (which is √ Ra Pr times the buoyancy time scale associated with the v − θ correlations). At the intermediate and the highest Rayleigh numbers, these same features are seen with harmonics of the primary frequency being observed. It is evident that with increase in Rayleigh number the vertical oscillations are more nearly aligned with the temperature fluctuations owing to the stronger buoyancy force. A wider band of excitation frequencies is realized with increase in Rayleigh number. A few clearly dominant peaks of u and w are visible in the nearwall layers, while at the bulk a larger number of dominant peaks appear. This feature reverses for the v-velocity. As Rayleigh number increases, no clear difference in the dominant frequencies of the horizontal and vertical fluctuations can be identified. Thus, it emerges that oscillating frequencies of all the velocities and temperature are nearly same, and more so as Rayleigh number increases.
The frequency spectra, plotted on a log-log scale, are shown in Fig. 5 where a power law
has been fitted (with f c being a fitting parameter). It was found that the frequency spectra of all velocities and temperature align with a f −5/3 law in a wide band of frequencies. The threshold frequencies f T (which is very nearly the same for the velocities and temperature) beyond which the power-law closely represents the data, increases from f T ≈ 1 at Ra = 7 × 10 4 to f T ≈ 4 at Ra = 2 × 10 6 , suggesting the dominance of low frequency modes with increase in Rayleigh numbers. A similar distribution of energy modes in the intermediate frequency range was also reported by Sano et al. [35] in their unit aspect-ratio cylindrical cell experiment in the range 10 8 < Ra < 10 11 but with s ≈ 1.4. This difference (s = 5/3 vs 1.4) in the exponent weakens the analogy between lower Rayleigh number flow in a large aspect-ratio box and very high Rayleigh number flow in a small aspect-ratio box. The calculated spectra of θ is nearly same as that of the velocities suggesting that the temporal oscillations of velocities and temperature have close correlation even at the smaller time-scales.
3.1.2. Probability distribution function of velocity and temperature fluctuations A transition of velocity and temperature fluctuation probability density functions (pdfs) from a Gaussian distribution to an exponential distribution has been reported by Sano et al. [35] and Qiu et al. [32] and proposed as the distinguishing feature between "soft" and "hard" turbulence. However, observations from numerous experimental and numerical studies differ based on the Rayleigh number range and aspect ratios studied, and a unified view has not yet emerged. At smaller aspect-ratios (A = 1), while Sano et al. [35] reported the transition as Rayleigh number increased from Ra=10 6 ("soft") to Ra= 4 × 10 10 ("hard"), DeLuca et al. [59] , Solomon [60] and Solomon and Gollub [61] obtained exponential distributions in the range 10 6 < Ra < 2×10 8 . In contrast to this Qiu et al. [32] showed a clean Gaussian profile even at Ra= 3.7 × 10 9 . On the other hand, at higher aspect-ratios, Sirovich et al. [62] and Kerr and Wu [63] reported exponential distributions at Ra= 6.5 × 10 6 , A = 2 √ 2 and Ra=5 × 10 5 , A = 6, while Christie and Domaradzki [64] showed mixed Gaussian and exponential distributions at moderate Rayleigh numbers (2.5 × 10 5 < Ra< 6.3 × 10 5 ) for aspect-ratio A ≈ 5. In the present study, the pdfs are computed using 500 fluctuation value windows which are normalized by the root mean square, shown in Fig. 6 . We have calculated the Gaussian distribution, labeled "from data", using the same mean (µ) and the standard deviation (σ) as the simulation data, while keeping areas under the actual pdfs and the Gaussian profiles equal.
At Ra=5×10 5 and 2×10 6 , a second "fitted" Gaussian distribution is visually fitted to identify the long positive or negative tails that appear in the pdfs near the walls.
At the lowest Rayleigh number the data do not fit the theoretical Gaussian curve showing a long plateau for the entire fluctuation range, which drops almost vertically at the highest fluctuation levels (|θ ′ /σ θ | ≈ 2). With increase in Rayleigh number, while the Gaussian-fit improves near the bulk, long positive and negative tails are evident in the flow near the walls. Velocity fluctuation pdfs (Fig. 6j − l) are seen to be almost the same as the θ pdf and are seen to be Gaussian only at Ra= 2 × 10 6 . Qiu et al. [32] found velocity pdfs with two peaks due to two levels of oscillations at 3.7 × 10 9 in an unity aspect-ratio cell. This latter result, however, cannot be compared with the present simulations because of the presence of lateral side walls and the Rayleigh number range of three decades higher of the earlier study.
The present results strongly support the argument of Christie and Domaradzki [64] that at moderate Rayleigh numbers, a mixed Gaussian and exponential distribution slowly changes to a pure Gaussian in the central region as the Rayleigh number increases. Thus, the classification of "hard" and "soft" turbulence in Rayleigh-Bénard convection based on the purportedly abrupt change in the nature of the temperature pdf is not supported by the present results, despite the higher aspect-ratio being used.
Rayleigh number dependence of velocity and temperature variances
The dependence of the normalized velocity and temperature r.m.s values on the Rayleigh number are shown in Fig. 7 . The points from the bulk and near-wall regions fall on a single curve (Fig. 7a) for the horizontal oscillation. On the other hand, the higher Rayleigh number exponent (0.475) at y = 0.1, 0.9 compared to the bulk (0.375) for σ v (Fig. 7b) shows that with increase in Rayleigh number that the boundary layers are perturbed more.
The even higher exponent 0.545, seen for σ u , σ z in Fig. 7a , indicates that the dominant mode of instabilities are the boundary layers which primarily originate due to horizontal velocity variation, supporting the theoretical model of Villermaux [31] . Qiu et al. [32] found the exponents as 0.65 for σ u , σ z and 0.55 for σ v in the range 10 7 < Ra < 10 9 in a A = 1 container. This difference with the present results possibly indicates that lateral confinement has a more repressive effect on vertical oscillations at lower Rayleigh numbers, yielding a higher exponent.
The variation of σ θ (Fig. 7c) identifies a narrow transition zone at Ra≈ 5 × 10 5 , analogous to the transition of "second soft turbulence" to "hard turbulence" state at Ra= 4 × 10 7 reported by Sano et al. [35] . The characteristics of these two regimes in the present case are bursts of hot and cold fluids and two-level switching, respectively, seen in Figs. 3(j, k, l) which is in agreement with the above literature. However, due to the nonavailability of more Rayleigh number data, this "classification" is only based on observations of time signals and the abrupt change in the σ θ − Ra curves. The bulk region yields a higher decay exponent (-0.2326) compared to the near wall regions (-0.1565) (see Fig. 7d ) as mixing at the bulk homogenizes the thermal field more strongly for higher Rayleigh numbers while the nearwall regions continue to be significantly dominated by plumes (which are inherently non-homogeneous).
Planar Statistics
The flow being homogeneous in the horizontal directions, the values of a given variable at two different points on a particular horizontal plane are assumed to be different realizations of the same random variable. Thus, as the flow field is statistically stationary, the time-averages (over a period of several integral time scales) of the instantaneous horizontal plane-averaged quantities may be thought of as ensemble-averages. Since there are no physical reasons for directional biases in the horizontal planes, any discrepancy of computed statistical quantities in x and z directions can be assumed to be the result of inadequate sampling time, more likely to occur for smaller Rayleigh numbers, which have larger integral time-scales. Planar statistics are computed over a period of 2-4 integral time scales at all the Rayleigh numbers, and the difference in the x and z statistics are monitored, as a check of consistency.
Mean temperature and variances
The vertical profiles of the mean and variance of temperature, shown in Fig. 8(a − b) , identify different characteristic regions in the domain. Both < θ > and < θ ′ 2 > indicate thermal boundary layers, having regions of sharp gradients that become thinner with increase in Rayleigh number. The gradients gradually drop to reach an asymptotic value in the bulk region through the surface layer where the curves gradually falls from their extrema.
At Ra = 2 × 10 6 , an almost constant value of < θ > and < θ ′ 2 > in the bulk again suggests that the mixing of hot and cold fluids leads to enhanced homogeneity there. The variance curves shift lower as Rayleigh number increases due to an increase in small scale temperature fluctuations, also observed in the time-series data.
The velocity variances (σ uw = σ 2 u + σ 2 w and σ v ), normalized to the Peclet number Pe(σH/α) = √ Ra.Pr σ * where σ and σ * are the dimensional and non-dimensional variances, respectively, are shown in Fig. 8(c−d) . While P e h , in agreement to the classical turbulent boundary layer profile of Kim et al. [49] , peaks near the solid surfaces and gradually reduces to a central value, P e v continues to increase beyond the point of maximum σ uw which is contrary to the observation made by them. The gradient of P e v near the walls is less steep than P e h but remains positive beyond the boundary layer to form a rounded profile near the center. Velocity and temperature variances are in qualitative agreement with the experimental results of Deardorff and Willis [65] and the numerical predictions of Moeng and Rotunno [66] and Kerr [27] . The scales, shown in Fig. 8(a − d) , serve as estimates for both velocity (σ uc , σ ub , σ vc ) and temperature (π b , π c ) and their boundary layers (λ θ , λ u ). The assumed power law for these scales are π c ∼ Ra Fig. 9(a − c) .
The variance < θ ′ 2 > is found to be significantly less steep (see Fig. 9a ) near the walls compared to the bulk (|α b | < |α c |) which is consistent with Wu and Libchaber [56] . However, both π c and π b are significantly less compared to the reported predictions of [17] , [56] and [27] . The estimates for α c are -1/9 by classical theories, -1/7 by the hard turbulence scaling of [17] , analytical arguments of [18] and the DNS of [27] compared to -0.2615 in the present calculation which is closest, among these, to the large-aspect-ratio result (-0.20) of [56] . The present exponent α b is -0.1271 compared to −1/14 of [27] . [17] and Kerr [27] :
Thus the present scaling estimates of < θ ′ 2 > only roughly agrees with the previously reported data. For the velocity variances, the scaling exponents β 1 , β 2 , β 3 , plotted in Fig. 9(b) , are in excellent agreement with the theoretical estimate of [27] , given by 0.5264,0.4974 and 0.4686 compared to 0.52,0.46 and 0.46 in the latter. It is noted that, for Ra< 10 6 , the σ uc increase is steeper than both σ ub and σ vc , while beyond this range their slopes become nearly same. The same observation is made by Kerr [27] where, however, Ra=5×10 6 is proposed to be the demarcating point.
Kerr [27] argued that λ θ , defined as the peak distance of < θ ′ 2 >, scales with (Nu − 1). Thus, if (Nu − 1) is interpreted as the turbulent contribution to the heat flux by v ′ and θ ′ , then λ θ taken from the < θ ′ 2 > profile relates closely to the fluctuating part of the heat flux. The present calculations show excellent agreement (see Fig. 9c ) of γ T (-0.3068 compared to -1/3) with Kerr [27] and reasonable agreement of λ u (-0.2063 compared to -1/7) with Castaing et al. [17] .
Skewness and distribution function
The skewness of v (S v ), its vertical derivative (S ∂v/∂y ) and θ ′ (S θ ) along with the temperature flatness (F θ ), defined as
are shown in Fig. 10(a − d) . In situations with a heated lower surface and an insulated top, positive values of S v were reported by Lenschow et al. [67] , Adrian et al. [68] and Moeng and Rotunno [66] . In the absence of cold descending plumes, hot plumes (v > 0) accelerate near the bottom boundary and dominate the flow locally resulting in the rise of S v from zero to a positive value through the surface layer. On the other hand, the no-slip RayleighBénard problem can be thought of two free surface situations placed symmetrically about the center-line, producing two symmetrical curves placed one above the other. Fig. 10(a) shows that S v switches its sign across the central region which is consistent with [69] , [70] , [66] and [27] . Cold descending plumes that collide with the bottom boundary layer (triggering instabilities that result in eruptions of hot accelerating plumes there) are faster than the newly-formed hot plumes leading to a negative S v near the bottom plate, and vice versa. The observed fact that S v is essentially zero in the central region further underlines that fluid acceleration occurs mainly near the plates. The dominance of deceleration of the opposite temperature fluid near the plates is also seen by the negativity of S ∂v/∂y in Fig. 10(b) , (as S ∂v/∂y < 0 if hot/cold fluid is decelerating) supporting the predictions of [17] and [27] . The homogeneity in the central region is strongly supported as, at higher Rayleigh numbers, even these higher-order statistics remain almost invariant in the bulk.
Plumes of opposite temperature coming from the other plate dominate the background flow near both plates, causing negative temperature variations at the bottom plate and positive variations at the top. This results in the pattern of S θ seen in Fig. 10(c) . In the central region, v ′ is symmetrically distributed in both directions yielding S v ≈ 0, while more extreme fluctuations in θ near the surface layers gradually change across the central region resulting in inhomogeneous behavior of S θ .
The temperature distribution function (f θ ) in five distinct volumetric regions, each spanning the entire horizontal extent of the domain, having vertical positions 0 ≤ y ≤ 0.1, 0.12 ≤ y ≤ 0.3, 0.35 ≤ y ≤ 0.65, 0.7 ≤ y ≤ 0.88 and 0.9 ≤ y ≤ 1 and denoted by Region 1 to 5, respectively, are shown in Fig. 10(e − i) . Negatively skewed distributions of f θ shift to positively skewed ones with long tails as one moves away from the bottom plate, an observation consistent with [17] . Beyond the surface layers, asymmetric distributions about a zero mean in Regions 2 and 4 progress to a symmetric profile in the bulk (Region 3). The emergence of a Gaussian profile at higher Rayleigh numbers is further confirmed by the F θ curve (see Fig. 10d ) which attains a central value of 3.5, closer to the value for a Gaussian (F θ = 3) than to an exponential (F θ = 6) distribution. It should be noted here that at the same aspect-ratio, [27] found F θ to be nearly 4.5 at Ra= 2 × 10 7 .
Wave number spectra and Kolmogorov length scale
Two-dimensional spectra are computed by (a) first carrying out a twodimensional Fourier transform on instantaneous planar fields with the Fourier coefficient c lm corresponding to the wavenumber set (κ xl , κ zm ) in x and zdirections having N x and N z nodal points, respectively,
and (b) summing all power coefficients within unit intervals of κ h (≡ √ κ x 2 + κ z 2 ) which are (c) then time-averaged. Figure 11 (a − j) compares the spectra of the vertical velocity squared (v 2 ), total kinetic energy (1/2 u i u i ), temperature fluctuation squared (θ ′ 2 ), vertical heat flux (vθ) and dissipation of kinetic energy (ǫ) for the highest and lowest Rayleigh numbers. In all the figures, the separate single curve corresponds to y = 0.5 while the other two curves (falling on each other) correspond to y = 0.1 and 0.9. In all the spectra, a greater excitation of higher wavenumber modes is evident as Rayleigh number increases. The levels of v 2 spectra in the near-wall points are lower to those in the bulk for scales which are not important for dissipation. However, the total kinetic energy is roughly constant across the flow -the increase in the horizontal kinetic energy (caused by circulating flow) in the near-wall regions possibly compensating for the lower vertical kinetic energy there. The vθ spectra match closely with the v 2 spectra, emphasizing the similarity in the behavior of v with θ across the box at all scales. This indicates the pervasive role of buoyancy in shaping the velocity field even while the origin of θ ′ is not driven solely by the buoyancy acceleration. The peaks of the ǫ spectra shift to higher κ h at the center (y = 0.5), and maximum dissipation occurs at higher wavenumbers (κ h ) at higher Rayleigh numbers. The centroid of the ǫ curves shift upwards by at least a decade from the lowest to highest Rayleigh number.
The θ ′ 2 spectra have a nature that is different from the other computed spectra. The large-scale energy levels of θ ′ 2 are approximately the same in all regions at all Rayleigh numbers, but near-boundary regions have higher small-scale energy compared to the bulk region at higher Rayleigh numbers (see Fig. 11f ). At lower Rayleigh numbers, a rapid fall (κ −5 ) at lower cut-off wavenumbers is observed. However, at higher Rayleigh numbers, the spectra follow a κ −1.75 law, close to the κ −5/3 law for a passive scalar in isotropic turbulence, followed by a steeper κ −5 law in the dissipative range. This observation is not consistent with the κ −1 law of [27] . The power law variation of the kinetic energy spectra is shown in detail in Fig. 12(a − d) spectral regions shift towards higher wavenumbers with increasing Rayleigh number and the transitional wavenumber between them at Ra= 2 × 10 6 is κ c ≈ 18. The high κ h exponent p was reported to be 3 for integrated spectra across the box by Kerr [27] with κ c = 30 for Ra=2 × 10 7 . Thus, the results are seemingly consistent with the DNS of [27] which is the published study closest to the present cases in terms of the geometrical parameters and Rayleigh number range simulated. Theoretically, the high wavenumber part of the spectra should decay at a rate higher than any finite power of κ if the velocity field is infinitely differentiable, as discussed by Pope [71] . Kraichnan [72] and Saddoughi and Veeravalli [73] showed that exponential decay is realized at sufficiently high Reynolds numbers. Thus, as Reynolds number can be roughly approximated by the square root of Rayleigh number, and the Rayleigh numbers simulated in the present study are not very high, exponential decay is only partly realized, as expected. It should be mentioned that, in contrast to the large aspect ratio container, a κ −5/3 law up to the highest wavenumber was reported by Spalart [74] for all-rigid boundaries simulations. The mixed power-law (κ −5/3 and κ −3 ) obtained here and by [27] is consistent with the two-dimensional theoretical predictions of [75] and [76] for stratified media. They, however, modeled the spectral dynamics as a backward energy cascade and a forward enstrophy cascade with injection of energy and enstrophy at the transitional wavenumber. Further investigations show evidence of a κ −11/5 variation, not observed by Kerr [27] , in the nearwall regions (see Fig. 12d ). The κ −11/5 prediction of [77] was supported by the velocity structure functions experimentally obtained by [78] . Thus, the present results partly support the shell model of Bolgiano [77] which predicted κ −11/5 for 1/2u i u i and κ −7/5 (compared to -1.75 in the present study) for the θ ′ 2 spectra. Kolmogorov's hypothesis postulates the existence of an "inertial" wavenumber region between the energy containing and the dissipative ranges at high Reynolds numbers. This range is characterized by a length scale l such that η ≪ l ≪ L, where η and L are respectively the Kolmogorov length-scale and the length-scale of the energy-containing range. With two limiting regions being l ∼ η (or κη ∼ 1) in the dissipative range and l ∼ L (or κη ∼ η/L) in the energy containing range. Most of the kinetic energy of the flow resides at the lower end in the κη scale (κη ∼ η/L) while the bulk of the dissipation occurs near the high end of this scale (κη ∼ 1) [79] . Figure 13 shows f k , the fraction of cumulative kinetic energy above a wavenumber κ, and f ǫ , the dissipation below a wavenumber κ are quite far on the κη scale; however, there is some overlap of the two curves. In each plot, a horizontal line corresponding to 10% of the cumulative fraction (f k = f ǫ = 0.1) is drawn which cuts the f k and f ǫ curves at (b, d) and (a, c) points, respectively. As Table 3 : Separation in κη scale as in Fig. 13 . Table 2 lists the total integrated kinetic energy and dissipation which appear in the denominator of the ratios f k and f ǫ , respectively. It can be seen that the total kinetic energy near the walls (y = 0.1, 0.9) are higher than in the central region while the dissipation in the latter region is around twice of that in the near-wall regions. At all Rayleigh numbers, k κ−∞ is higher at y = 0.5 than at y = 0.1 or 0.9 clearly indicating a wider range of energy containing eddies in the central region which can be attributed to strong mixing and chaotic interaction leading to the distribution of turbulent kinetic energy over a wider range of length scales. On the other hand, ǫ 0−κ is higher in the near-wall regions compared to the bulk as the wider spread of turbulent kinetic energy in the central region leads to a greater fraction of dissipation at higher wavenumbers.
From the curves in Fig. 13 , κη values corresponding to the points a, b, c, d are shown in table 3. It is observed that ∆ 1 < ∆ 2 at all Rayleigh numbers, indicating a greater separation (or lesser overlap) of the energy containing and dissipative ranges in the near-wall regions compared to the bulk. Moreover, both ∆ 1 and ∆ 2 consistently decrease with increase in Rayleigh numbers -which is expected -as at higher Rayleigh numbers these ranges would move further away in the κ space indicating an increasingly larger inertial subrange. The power-law variation is shown in Fig. 14(a) where ∆ values are averaged near the two walls to determine a single scaling law. They are Table 4 : Kolmogorov length scale at y = 0.1, 0.9 and 0.5 using Eq. (4) and Eq. (5).
found to be
The decay exponents for the near-wall and the central regions turn out to be almost the same. If the dissipation is normalized by
where ǫ * (κ h ) is the dissipation spectrum at the horizontal wavenumber κ h (≡ √ κ x 2 + κ z 2 ) computed from non-dimensional solutions, shown in Fig. 11(i, j) . The Kolmogorov length scale computed using (4) and that of [27] calculated from η H = Pr
(which assumes that normalized dissipation equals (Nu − 1)Ra) are shown in table 4. The present η values are consistent with [27] with central values being closest to the reference. Near the walls, η is only slightly smaller than in the central region, with the difference reducing with increase in Rayleigh number, so that at Ra=2 × 10 6 almost the same η values are obtained everywhere. Fig. 14(b) shows the least-square power-law curves for the computed Kolmogorov length scales: η/H = 1.337 Ra −0.3146 at y =0.1,0.9 and η/H = 2.207 Ra −0.3503 at y =0.5 which are in agreement with [27] , η/H ≈ 1.3 Ra −0.32 . Thus (4) and (5) are close to equivalent and the validity of the ǫ * = (Nu − 1)Ra approximation is supported here.
Production and dissipation of turbulent kinetic energy and enstrophy
The dynamical equations for the turbulent kinetic energy (1/2 u
and
where
is the kronecker delta (1 if i = j and 0 otherwise) and Π ijk is the alternating tensor (1 if i, j, k cyclic, -1 if anti-cyclic and 0 otherwise). Both the equations contain advection (A k , A E ), production (P B , P S , P EG , P EM , P ET S , P EM S , P EB ), transport (T k , T E , T v ) and dissipation (ǫ, ǫ E ) terms, given in detail by [80] . Unlike in shear flows, where P B is absent and the shear production u ′ i u ′ j S ij bleeds energy from the mean flow and feeds the turbulence, the buoyancy production is not directly linked to the mean flow kinetic energy and owes its origin purely due to the correlation between v ′ and θ ′ . Figure 15(a) shows the vertical profiles (time averages of the y-planar averages over several integral time scales) of the productions and dissipation of turbulent kinetic energy.
It is observed that shear does not contribute to the production of turbulent kinetic energy as −u ′ i u ′ j S ij is at least 3-orders smaller than v ′ θ ′ . The buoyancy production P B is zero at the walls, and increases with a steep gradient to reach a high value by the edge of the boundary layer while the dissipation drops from its maximum to an asymptotic value across the boundary layer. In the vicinity of walls, though high dissipation is observed, buoyancy has little effect in producing kinetic energy -which points out the importance of viscous transport in that region, as was observed in boundary layers by Kim et al. [49] . Both v ′ θ ′ and ǫ have relatively constant values outside the boundary layers (which become thinner with increase in Rayleigh numbers), and an approximate balance between them is found outside the surface layer, i.e.,
Ra
This is also evident from table 5 where the production and dissipation terms integrated over the whole domain are shown. As shear production is very small, either Reynolds stresses and mean shear have essentially zero correlation with each other or the principal mean strain rate is zero. From an examination of the instantaneous planar-averaged values of P S (which are non-zero) it is evident that the former is true (in this problem the time-averaged value of S ij is zero, due to homogeneity, however the S ij here is the instantaneous planar average, which is multiplied by the instantaneous planar average Reynolds stress u i ′ u j ′ and then time-averaged. This final quantity need not be zero from considerations of homogeneity alone. It should be mentioned that in this study, planar averages are treated essentially as ensembles-averages, when applied to turbulent quantities). In the presence of a negative vertical mean temperature gradient (∂Θ/∂y < 0), v ′ θ ′ > 0 causes upward heat transfer. The P B ≈ ǫ balance indicates v ′ and θ ′ are tuned to the same band of frequencies and they sustain turbulence and vice versa at the bulk of the flow, indicating that buoyancy effects are pervasive across all scales. Unlike the kinetic energy budget in shear flows, Eq. (8) indicates that interaction between the mean flow and the fluctuating field is not responsible for the sustenance of turbulence in turbulent Rayleigh-Bénard convection.
There are five sources of enstrophy production in (7) involving both mean and fluctuating fields. The gradient production (P EG ) and mixed production (P EM ) due to the mean vorticity and mean shear (P EM S ) involve interactions between the mean and turbulent fields, while the production due to turbulent stretching (P ET S ) and buoyancy (P EB ) require correlations among fluctuating fields. Tennekes and Lumley [80] argued that for shear flows production due to turbulent stretching (ω
is higher than all the other terms (except dissipation) by at least a factor of O(Re 1/2 ) at sufficiently high Reynolds numbers. The approximate enstrophy budget in shear flow turbulence was provided by Taylor [81] as
Figure 15(b) shows time-averages of various production and dissipation terms of Eq. (7). It is to be noted that P EG , P EM and P EM S , all associated with the mean vorticity and mean shear fields, are essentially zero and that outside the surface layers an approximate balance between production due to turbulent stretching (P ET S ), buoyancy (P EB ) and dissipation (ǫ E ) exists, i.e.,
This result modifies the classical expression Eq. (9) boundary layers nearly fall on each other, with power-law exponents being −0.2569 and −0.2811 which lie between the exponents of λ θ and λ u of Fig.  9 (c). This indicates that strain rate fluctuations produce the maximum mean squared vorticity fluctuations in the boundary layer, where horizontal velocities and temperature oscillations also reach their maximum. The exponents of the peak values of P ET S , 0.6691 and 0.7328, are found to be higher than σ ub in Fig. 9(b) . However, the peak P ET S magnitude increases more steeply with Rayleigh number than the peaks of σ ub and σ uc . Godstein [82] established this deviation from the classical theory, which was then taken as a basis for the classification of "soft" and "hard" turbulence regimes (4 × 10 7 < Ra < 10 12 ). Since then a number of experiments and numerical studies have reported the Rayleigh number exponent to be close to 2/7(= 0.286) [12, 29] . A least-square fit of the present data yields an exponent of 0.272. For comparison the predictions of Wu and Libchaber [56] and Kerr [27] are also shown in the figure. The present < Nu > curve falls close to the earlier DNS computations of [27] where the Rayleigh number extends to 2 × 10 7 and the the exponent (0.272) is very close to the value of 2/7 of [56] obtained experimentally for a larger range of Rayleigh number. Table 6 lists results from a few selected studies with their predicted < Nu > exponent. It is evident that the exponent obtained from the present simulations is very close to those obtained in experiments and simulations, although the Table 6 : < N u >= C Ra n scaling with aspect ratio (A), Rayleigh number range, fluid used in turbulent Rayleigh-Bénard convection literature.
Rayleigh numbers simulated in the present work are much lower than what has been attributed to the "hard" turbulence regime in experimental studies. Therefore, the < Nu > scaling should be seen only as a yet unexplained departure from the classical theory, and its use in the classification of thermal convection in terms of "hard" and "soft" turbulent regimes is unsupported by the present results.
Conclusions
Direct numerical simulations of turbulent Rayleigh-Bénard convection using a higher-order finite difference scheme are carried out for 7 × 10 4 ≤ Ra ≤ 2 × 10 6 . The primary source of plume formation are boundary layer instabilities caused by the collision of plumes with the wall boundary layers. Horizontal velocities have higher integral time scale near the walls, and are not correlated at different points of the domain with the temperature. On the other hand, the vertical velocity has higher integral time-scales in the bulk region and shows a strong correlation with temperature at all scales. Homogeneity is evident in the bulk region with temperature signals being white-noise-like.
The presence of a −5/3 law in the frequency spectra is seen for all the velocities and the temperature. However, while variances of the horizontal velocities show a single exponent power-law relationship with Rayleigh number, the vertical velocity and temperature show variations of behavior near the walls and in the bulk region. The probability density functions of velocities and temperature show a trend towards Gaussian distributions with increasing Rayleigh number. However, the distributions are too unclear to classify turbulent convection into different regimes of "soft" and "hard", at least at the Rayleigh numbers studied.
The vertical velocity skewness, in contrast to free-slip flows, is found to be negative near the bottom wall and essentially zero in the central region.
The turbulent kinetic energy spectra shows mixed power-laws: κ −5/3 (and κ −n , n ≥ 3, beyond a transitional wavenumber) near the center and κ (and κ −n , n ≥ 3) near the walls with the transitional wavenumber matching closely with the previous DNS calculations.
The turbulent kinetic energy budget yields an approximate balance between the buoyancy production and the dissipation, with the production due to shear being negligible. The enstrophy budget for the turbulent shear flows is modified in buoyancy-driven turbulence to a balance between the production due to the turbulent stretching, the production due to the buoyancy and the enstrophy dissipation.
The < Nu > −Ra power-law gives an exponent of 0.272, identical to the 2/7 value for "hard" turbulence. However, as the probability density function of velocity and temperature do not show a clear transition, to purportedly "hard" turbulence features, it is evident that the "soft" and "hard" regimes of turbulent convection need to be more clearly characterized.
